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Fermions Between One and Two Dimensions 

T. M. RICE 

Theoretische Phyik, ETH Honggerberg, CH-8093 Zurich, Switzerlund 

When fermions are confined to move only in one dimension, as in a chain, then they form a 
Luttinger Liquid which differs fundamentally from the Landau Fermi Liquid that occurs in 
higher dimensions. If chains are combined to form ladders, one finds surprisingly that the 
properties of fermionic ladders depend essentially on their width. Ladder can be divided in  
two classes, those with odd and even numbers of legs. To date this behavior has been 
observed only in certain cuprate materials and the ideal of lightly doped and perfectly formed 
ladders has not been realized. The synthesis of materials with ladder structures should lead to 
interesting new physics. 

Keywords: quantum magnetism; spin ladders 

I. Introduction 

Tlic proprrtitbs of clcct,roiis wiifiiictl t,o iiiovc iilolig a cliaiii IIAVC h n  st,iiti- 

ietl for iiiaiiy y e a d ' ) .  Sonic of the  I m t ,  exaniples arc t,o br foiin(I among 

thr  organic conduct.ors(*). Electrons confined to iiiove in a plane liavc also 

I ) c ~ t ~ n  stiidird very iiitcnsively since the discovery of the ptieiioinenoii of 

Iiigh-Tc sriperc:onductivity in the planar c i ~ p I a t e s ( ~ ) ,  One iiiiglit, expect, 

t,Iiat, a sinoot.h crossover froin chains to a planr woiild rcwilt, if ontx assrni- 

h1t.s cliains t,o form latldcrs of increasing widt,li. R.ecent,ly it, was found(4) 

that this expectation is totsally false. Inst,rad the p r o p r h e s  are very depeii- 
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644/[ 13561 T. M. RICE 

dent on the width or number of legs in the ladder - a surprising discovery. 

In this lecture the properties of such ladder systems will IIC reviewed. 

First t,he case of two leg ladder with exactly ont: ttlectron per site will 

I)(: tiiscusscd. In this stoic:hioiiit:tric limit the problcni can be viewed most 

simply iii the limit of strong Coulomb iiitcrac:t,ions which reduces t o  tho 

study of an antiferromagnetic (AF) S=1/2 Ht+mil)crg rnodcl. TIic ground 

state is a spiii liquid - so called bccaiisc the spin-spin correlation functions 

are strictly short range wit,li a finite correlation lengt,h, <. The t,eriii spin 

liquid is really a niistionicr I)ccaiisa the groiindstat,t! is actually a qiiaiituni 

cohercnt singlet state with a finite energy gap to the lowest excited triplet, 

risiially designated as thc spiii gap. This quantuni bchavior runs c:ounter 

to one's intuition based on classical physics that, coupling two chaiiis iii 

this iinfrustrated niaiiner should strengthen the power law decaying AF 
correlations rather than replace t,lic:ni with an exponential decay. The 

t,wo leg ladder can also be considered in  the weak c:oiipling liniit,, wherc. 

a qualitatively similar behavior is found, i.e. a groundstate with a gap 

for charge excitations anti short range spin-spin correlations. Balents and 

Fisher(') introduced a notation which classifies a groundstate according 

t,o tlic iiiiinber of gapless charge and spin modes. in this case COSO. I n  

this case there is continuity bctwcwi weak and st,roiig coupling. Adding 

another leg to form a 3-leg ladder changes qnalitat,ivcly t,he nature of the 

groiindst,at,e. The low energy behavior in  the strong coiiplitig limit is now 

t,liat of a single chain i.e. gapless cxcit,ations and a power law dccay of t,he 

spin-spin correlat,ions. Similarly in  the weak coupling liniit, t,he groiindstate 

is c:Iassificd as COSl. This diffcrrnce persist,s I)rt,wccn t,he groiindstates of 

latlders with an even and ail odd iiiiiiiber of legs. Tlic fornirr liavr a fiiiitr 

spill gap w1iic:li howcvtir drops rapidly with incrrasiiig widt,li. while t,lic 

latt,cr have a singlc gapless mode. 
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FERMIONS BETWEEN ONE AND TWO DIMENSIONS [ 135711645 

This intriguing behavior continues when one examines the effect of 

hole doping. The single chain forms of coiirse the well known Tomonaga- 

Luttinger liquid('). The 2-leg ladder is quite different when doped and in- 

stcad forms as a Luther-Emery liquid. The spin gap persists and the doped 

holes pair up in an approximate d-wave state. These hole pairs behave as a 

liquid of bosons and show power law correlations in the charge density and 

bose condensation correlation functions. Which one dominates and has the 

slower decay depends on the details of thc interaction between hole pairs. 

Again there is a fundamental difference betweeii even and odd leg ladders. 

I n  the latter case the holes first entw t,he gapless transverse channel and a t  

least for an initial hole concentration form a Tomonaga-Liitt,inger liquid. 

This TL-liquid is stable up to a finite critical concentration of holes due to 

the finite energy difference t,o introduce holes between the gapless channels 

and those with a spin gap. This then leads to a highly unusual situation 

because the Fcrnii surface with a number of channels (or bands) equal to  

the width is triuicatrd down to a single channel although there is no sii- 

perlattice, neither spin nor charge. Unfortunately there is no experiniental 

realization of such a system at  present. 

A number of cuprate compounds with ladder structures have been syn- 

thesized to  date. The predicted behavior of the undoped ladders has been 

verified but, for the effects of hole doping the only cuprate systeiii at, present 

Sr14-rCarCu24041, is not the ideal system t,o test the theorct,iral ideas. 

In  this lecture the properties of uiidoped ladder syst,cms is reviewed 

first, in cliaptrr 2 .  Then t,he effect of doping is drscribed in chapter 3 and 

t,liis brief review concludes with a summary of the experinicnts on cuprates 

which have latidcr structures and of thc challenge the experiniental real- 

ization of siich ladder syst,eriis in organic compoiinds poses. 
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646/[ I3581 T. M. RICE 

11. Undoped Ladder Systems 

111 tho liiiiit, of stroiig otisitc repiilsion a singlr batid at  Iialf-filliiig hits 

only spin excitations at, low cticrgy ticfiricd by ii S = l / 2  Hcisciilwrg A F  

niodel. The properties of this niodel oii 1D chains or  o i i  2D square latt,ices 

are wc4l-known. The iiiodcl is defined by the Haiiiiltoiiiari 

whcre 1. is a vect.or lal)eliiig t,lie littt,ict% sites 011  which spin-1/2 oprriitors 

st arc located, (,i3 3 )  denotes nearest-neighbor sites, and .I( > 0) is t,lic AF 

cxchangc. coupling that provides tlic twergy scale in  t,lie p r o I ) h i i .  On 2D 

square lat,ticcs, the Heiseiil)erg niodel has a ground stat,(> with long-raiigt. 

AF order(‘). Whercas in 1D chains, quantum effrct,s prevent long-range 

AF order and the spill-spin correlation decays slowly t,o zero as a power 

law in the s ik  separation. Neither system has a spin gap. that is, t,licrc is 

no cost in cncrgy to crt:at,v an excitation with S = 1 

The field of ladder systenis started when Dagotto rtf ai.(i) (sw a l s ~ ( ~ * ~ ) )  

found evidence that 2-leg ladders have a finite spin gap, iii other words a 
finite energy is needed to (:reate ii S = 1 cxc:itat,ioii. T h r y  st,art,rd wit.li t,hc 

simple limit, ohtailled by geiieraliziiig Eq. 1 so tliat, t he  cxdiarigc~ coilpiing 

along t.lic rungs of a 2-lcg ladder (deIiot,etl by , l l )  is iiiiich largcr t,liaii t,hrl 

coupling .I along t,he chains. Tlic cncrgy iii this limit, is approximat.rly 

E,,q = - 3 / 4 , 1 1 N ,  where N is t,lie niiiiil)er of rungs and -3/451 is t.hc 

rncrgy of cach riiiig siiiglct, statc. Tlir groiind st,iit,c. has it t,otal spin S = 

0 and to  prodiicc it S = 1 taxcitation, a rung singlot, niiist be proiiiot,rti t,o 

it S = 1 t.riplct.. Thr cwi)liiig ;tlor~g t . h c L  chains (:rt’itt,(!s a. t)iLii(l o f  S = 1 

iiiagnoiis wit,h a. dispc:rsioii law 
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FERMIONS BETWEEN ONE AND TWO DIMENSIONS [ 1359]/647 

in the limit J l  >> .I (k is the wave vector). The spin gap is the minimum 

excitation energy Aspin = w ( n )  rz J l -  .I ,  which remains large in this limit. 

Concurrently, the spins are mostly iincorrelated between rungs so that the 

spin c:orrclations decay cxporrcritially with distance along the chains leading 

to the name spin-liquid for this type of state. Note, however, that the spins 

are not disordered but rather are in an isolated quantum-coherent ground 

state. 

In the other extreme, . I1/J  = 0, the two chains decouple, but isolated 

spin-l/2 Heisenberg chains do not have a spin gap and cxcitatioits with 

S = 1 and k = T are degenerate with the ground state. Barnes et a].('") 

observed that the power-law decay of the spin correlation in an isolated 

chain implies that a chain is in a critical state, and thus small pert,urbations 

can qiiditatively alter its properties. They predicted that the spin gap 

Aspin > 0 for all J J J  > 0, including the values of experiniental interest, 

J l / J  - 1. 

The ladder spin system would always be in a spin-liquid state, in con- 

trast t o  the more familiar cases of the 1D and 2D Heisenberg models, 

which are gapless. Numerical techniques, exact diagorialization of small 

clusters('") anti qiiantum Monte Carlo techniques, have been used to study 

Aspill as a function of J I / J .  Recently using a powerful new algorithni, 

Grcvrn t:t al.(") report,ed quantum Monte-Carlo simulations on syst,enis 

with a wide range of values . J I / . I .  They found values Asl,,, ,(cll/J) N 

0.41JI  J J J  + 0 in agreement with t,he results of field theorctic: 

aiialyses('*). The resiilt,s are shown in  Figure 1. 

as 

At, the isotropic coupling Ji = .I. White et al.(14)? using a ticnsity 

iiiatrix reiiorinalizat,ion group (DMRG) t,cchniqiir suitable for static prop- 

crtics of 1D systjcms. reporkd Aspll, = 0.504 J .  i n  rxccllcnt agrcemciit, wit,li 

t,he QMC resiiltd"). There are AF spin correlat,ions at short distances 
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648/[ 13601 T. M. RICE 

Figure 1: The dependence of the spin gap, DJpln in S = 1/2 AF Heisenberg 
spin ladders on the rung coupling, J l  and number of legs, n, as calculated 
by Greven et al.(") from QMC simulations on finite but large systems. 
(The coupling along the legs, J = 1.) The solid and dashed lines show the 
behavior predicted by strong and weak coupling  expansion^('^^^^). 

along t,he chains and across the rungs. but even at  J I  = J .  the latter arc 

sonirwhat stronger(14), showing t,hat the rough pict,ure of a ground st,at,e 

dominated by rung singlets is robust. Gopalan et, al.(I5) snggested that  it 

good variational description of the ground stat,e could be obhined using 

the short-range resonance vslence bond state proposed by Anderson('@ 

and Kivelson et aI.(li) wit,h niost,ly adjacent rung singlch but including 

rrsonaiicv Iwtwtwi two acljaccnt rung singlrts into two ilearest-iirighlxx 

singlets along the chains. 
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FERMIONS BETWEEN ONE AND TWO DIMENSIONS [1361]/649 

The limit J l / J  >> 1 again allows us to see what happens when we 

increase the number of chains, n, keeping n, even. Clearly there is a finite 

spin gap in this limit but A,(~L,) will decrease markedly as n, increases. 

Poilblanc et  al.(l8) studied finite size clusters with 4 legs and extrapolating 

to an infinite ladder found a value Aspin(n, = 4, J L  = J )  = 0.245J - a 

reduction of 50% with respect to n, = 2. White et al.(14) used a DMRG 

technique on larger clusters and obtained a smaller value, 0.19J. The 

most reliallle value is that of Greven et  al.(”) from QMC who report a 

value Aspin(nr = 4, J I  = J )  = 0.160 J .  At n, = 6, the decrease they 

find is even more marked Aspin(nr = 6, J I  = J )  = 0.0555. These results 

indicate a finite spin gap Aspin for even values of n,, but an exponential 

decay of Asp,,, with increasing n,. Greven et al.(”) also report extensive 

results on the temperature ( T )  dependence and width dependence of the 

AF correlation length ((n,, T )  which controls the asymptotic exponential 

decay of staggered spin -spin correlatioii function 

where sign ( i , j )  = f l  if i and j are separated by even (or odd) number 

of bonds. Tlir values of ( (nc ,  T + 0) a t  isotropic couplings ( J l  = J )  in- 

creases markedly with n, from ( ( n ,  = 2) = 3.24 to < ( n c  = 4) = 10.3 to 

a value - 30 a t  PL, = G(”). 

The single iiiagnon spectrum, w(  k ) ,  evolvcs from the simple cosine form, 

Eq. (2) a t  J l  >> .I to a nearly linear form near the minimuin at  /i = K 

when JL = J .  At low teinpcrat,ures. thermally excited magnons act as a 
low densit,y gas of S = 1 spins and lead to an exponentially small value of 

the spin siisceptihility x ( T )  at  T << Aspin 
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6504 13621 T. M. RICE 

Early calculations by Troyer et aI.(”1 used a quantum transfer method 

and more recent calculations by Frischrnuth et aI.(”) use thc powerful loop 

algorithm in QMC to reach valiies T << .I in syst,cnis with a large nuniber 

of spins. Figure 2 displays their rcwilts showing the crossover froin aii 

expoiiential behavior a t  T << J to a Curie-Weiss form for T 2 J .  The 

strong dependence of Aspin 011 11, is very clear in this work also. 

Thc results in Figure 2,  show that the ladders with n, odd twhave iii a 

very different way as T + 0. This is in line with conjrctiires by Hirsch and 

’Tsiinctsiigii (see Reference (”1) that odd-leg ladders slioiild behave quite 

differently from evcn-leg Iaddcrs and display propertics similar to single 

chains at low energies, namely gapless spin excitations and a powel-law 

falloff of the spin-spin correlat,ions. 

Tlic: simplest way to visualize this difference is again by analyzing t h e  

large .JI/ J limit where each rung can be diagonalized exactly, leading to 

a donblet ground state. The iiiterrnng coupling ,I generates an effective 

interaction between these doublet S=1/2 rung states. By rotational in- 

variance this int,craction must, be of the Heisenberg form with an effective 

coupling, J e f f .  Thus, the ground state properties of the 3-leg ladder a t  

large J1 l . I  should be those of t,he spit1-1/2 Heisenberg chain with a cou- 

pling Jeff instead of J ,  leading to a vanishing spin gap. The argiimcnt can 

be t,rivially geiieralized to all odd-leg ladders. B ~ C ~ U W  there is no spin gap 

for ttic odd-leg case at both J ,  / . I  >> 1 arid JL/J = 0, it is rctasoiiable that 

the gap vanishes a t  interniediatc valiicts of J ,  i n  cont,rast to c?ven-lrg 

laddcrs. 

KIiveslichei~ko(~~) explained the qualitative difference bctweeii even- 

and odd-leg ladders on the h i s  of an argirment, rised by Haldaiie for tlic 

2D square lat,tice(23). For odd-leg ladders, a topologic:al teriii governing thc. 

dynamics at  long wavelcngt,hs appears in the effective action, whereas for 
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FERMIONS BETWEEN ONE AND TWO DIMENSIONS [ 1363]/65 1 

Figure 2: The temperature dependence of the uniform spin susceptibility 
x ( T )  of spin ladders calculated by Frischmuth et  aI.(*') using QMC sim- 
ulations on finite but large systems. The coupling is isotropic ( J l  = J )  
and x (T)  is normalized per rung of nc spins where n, is the number of 
legs in the ladder. Noteworthy as discussed in the text, is the common 
extrapolation to T = 0 K for ladders with n, = 1, 3 and 5. 

even-leg ladders, it exactly cancels. This topological term is similar to  the 

one that  causes the well-known difference between integer Heisenberg spin 

chains, which have a finite spin gap, and half-integer spin chains, which 

are gapless. 

The detailed form of the effective S = l /2  Heisenberg model that gov- 

erns the low T behavior for values of n, = 3 is of interest. A DMRG study 
by White et a1.(14) and the QMC simulations by Frischmuth et a1.(20) lead 

to  the surprising conclusion that the spinon velocity, v ,  of the effective 

model is essentially unrenormalized and independent of n,, the width of 
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6524 13641 T. M. RICE 

the ladder. This is illustrated in Figure 2 which shows that for isotropic 

coupling the lim ,y(n,,T) per rung of n, spins, is independent of 7 ~ , .  At 

low T the susceptibility of single Heisenberg chain has the for111(~~) 
T - t o  

I t  is evident from Figure 2 that altho' thr  spinon velocity, TI, docs 

not, c:liange appreciably with n,., thc temperature scale, To, which is de- 

t,crniined by spinon spinon interactions is reduced substantially as n, in- 

creases. Frischniuth et al.(25) cxamined the cause of this change and showed 

that, it is duc to longcr rangc cxchango couplings in the effective model. 

Thc kcy point is that these longer range couplings are unfrustrated, i.e., 

the n.n . i i .  coupling is frrroniagnetic and the nnnn ant,iferromagnet,i(.. Thus 

altho' the low energy niotlcl is a single S = 1/2 model per rung, thc intcr- 

actions in the effective model arc considerably renorinalized and strongly 

dependent, on the width, TL,. The weak cmpling limit, of a single band 

Hubbard model for ladders gives qualitatively similar r e s ~ i l t s ( ~ ~ ~ ~ )  . At 
half-filling Umklapp processes scale to strong coupling and introducc R 

charge gap, i.c. a finite gap for any charge excitations. The spin proper- 

tics howcvcr depend on thc width, nC with a finitc spin gap for even values 

of Tt., but gapless exchtioiis for odd values of 71 , .  In  the Balcnts-Fisliw 

notation thcse groiindst,atcs are classificd as COSO and COSl resprctivcly. 

The gaps are cxponentially sinall in the weak coupling liniit but tlicrc is 

a smooth crossover between weak and strong coupling. Thus thosc arc 

roblist, propert,ies which do not, depend 011 t,lie st.rengt,li of t,hr int.eractions. 

111. Doped Ladders 

Wo consider next, t,lir cffrcts of doping wit,h a sniall tlwsit,y of holes. Tlic 

siniplcst niodel that includes the rssentials of t,he low energy physics is t,he 
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FERMIONS BETWEEN ONE AND TWO DIMENSIONS [1365]/653 

t-J m ~ d e I ( ’ ~ ~ ~ ~ ) .  The presence of a projection operator Po (= n (1 - 
ensures that only configurations with an empty and a singly occupied or- 

Iit,al are allowed on each site. The first term represents the hopping process 

which interchanges the two configurations. 

I 

The phase diagram of the t - J  model for a single chain was exanlined 

soiiie years ago by Ogata and coworkers(”). They found that in the pa- 

rameter range of interest for the cuprates, J / t  - 1/3 and hole doping, 

6(= 1 - TZ) - 0.2, a Luttinger liquid state is stable with an exponent 

h’, - 0 . 6  111 this exponent range ( K ,  < l),  the predominant correlations 

arc SDW (spin density ware) with an iiicomniensiirate period 2 k ~ ( =  m a ) .  

The power law coinniensurate AF corrclations at  6 = 0, evolve into similar 

correlations with a larger exponent and incommensurate periodicity upon 

doping and pairing correlations are suppressed. 

The 2-leg ladder, as discnssed above, starts from a very different sto- 

ichiometric insulating state so one can expect a different behavior when 

doped. Again if one starts from the limit, J I  >> J the behavior is easy to 

understand. I n  this limit, holes pair on tho sanie rung to  minimize the loss 

of niagnctic energy. The spin gap remains finite although now there are 

two quite separate triplet e x c i t a t i o x i ~ ( ~ ~ ~ ~ ~ ) .  One is the mngnon similar to 

the undoped system which is made by excit,ing a rung singlet to a triplet. 

However, the presence of hole pairs introduces a new type of triplet excita- 

tion which is created by placing the holes on separated rungs with a triplet 

configuration of t,he t,wo free spins. This new cxcit,at,ion has an energy gap 

unrelated to Aapln of the original magnon. This illustrates the point t,hat 

hole doping is a singrilar perturbatioii of t,he stoicliionictric insulator. 

A variety of niinierical st,udies show that, the hole pairs and the spin 
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gap persists down to the isotropic limit, J L  = ,I (7,2g-31). Further, the 

relative state of hole pairs is an approximate ‘&wave’ state with opposite 

signs for the pairing aniplitude along thc! rungs arid legs in agreeriient with 

t,he predictions of mean field theory(32). Also tlic ca lda t ions  on finite 

clusters showed that the low cmergy excitations are only in  the charge 

sector and correspond to a sound mode of the liole pairs. These results 

show that the state of a lightly doped ladder is not a Lnttiiiger liqiiitl 

but instead corresponds to a Luthc:r -Emery l i q i ~ i d ( ’ ~ ~ ~ ) .  As Efetov and 

L a r k i ~ i ( ~ ~ )  showed, the low energy sector of such a liquid is represented 

as a fluid of bosons - i n  this (:as<! the Efetov-Larkin bosons are hole 

pairs primarily confined to a single rung and n.n. leg configurations. The 

propert,ies of the Bostt fluid depend on the effective interaction bctwcen the 

bosons. Estimates for t,he t-.I ~iiodeI(~’) and the closely related Hubbard 

111odeI(~~) suggest that the CDW correlations corresponding to crystalline 

correlations of tlic bosons art: longer range than t,he superconducting (or 

bose (:ontiensate) correlations. 

The lightly doped 3-leg laddcr is also of interest. In this case the 3 

bands can be split according to their symmetry under reflection about the 

center leg into even (2-bands) and odd (1-band). The nunierical resilks 

of exact dia~onal izat , ion(~~) and DMRG(38) calculations show a finite dif- 

ference in energy to remove an electron (i.c. t,o add a hole) froin tha eve11 

iind odd bands. Reiricmber as disri1ssed above, t,lie undoped 3-leg laddcr 

reduces to an cffect,ive S = 1/2 single chain and taking t,he olectroii out, 

of t,he odd channel corrcsponds to t,liis transverse clianncl. As a result il 

Toiiionaga-Lutt,inger liquid is formed in the odd channel. Meanwhile t,hv 

weii parity channels remain gaped and insulating until a fiiiitc crit,ical Iiol(. 

conccntration is reac:hctl, at which point holes enter t,hr even parit,y clian- 

nels in pairs. ‘I’his rcgime in  which the band tlieory Fermi surface with G 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
0:

20
 1

7 
A

ug
us

t 2
01

2 



FERMIONS BETWEEN ONE AND TWO DIMENSIONS [ I367]/655 

Fermi points is truncated into 2 Fermi points is specially interesting since 

this Fermi siirface truncation is not due to any superlattice or breaking 

of translation symmetry along the legs of the ladder. Instead it is a con- 

seqilence of the forniation of an insulating spin liquid (ISL) in the even 

channels. The key to this development is that the Umklapp scattering in 

the even channels scales to strong coupling and opens both charge and spin 

gaps i n  these channels. At present efforts are underway to  extend these 

ideas to  planes and a 2-dimensional Ferrni surface(39). 

The weak coupling limit yields closely related but not identical results. 

The 2-leg ladder when doped also shows Luther-Emery behavior when 

doped which in the Balents-Fisher classification appears as a ClSO phase, 

i.e. only gapless charge modes(26). The 3-leg ladder is rather different since 

now one introduces the interactions about the band theory Fermi surface 

which has 6 Fermi points. The result is a coexisting Tomonaga-Luttinger 

liquid in the odd channel and a Luther-Emery liquid in the even channels 

appears a t  arbitrarily small hole doping. The effect of the finite charge gap 

in the even channels does not show lip in the weak coupling approach(26). 

Apart from this difference the weak and strong coupling approaches are 

quite similar. 

IV. Cuprate Ladder Materials 

At, present# the best exaniplcs of ladders arc to be found among the 

cuprate compounds. The cuprates are special anioiig the 3d-metal oxides 

in that they can be doped to give highly mobile carriers when holes in 

t,he form of low spin Cu3+-ions are introdiiced. So there is a great po- 

tentrial here to  synt,liesize inat,erials which can test. the theoretical ideas 

discussed above. This approach. combining as it does reliable calcula- 

t,ions of strongly correlated rnodels and experiments on suitably arranged 
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cuprates, is a promising research direction and should give us not only new 

perspectives on the whole field of ciiprates, but also new insights into the 

subtle interplay between niagnet,isni and supercoiidiic:tivity that lies a t  tlir 

heart of this field. At prcscnt there are three fanlilies of cuprate illaterials 

which have ladders as their essential structural coiiiponents. 

The first one is the family with chemical compositioii Sr2,1-~C~2,,+204nl 

( 7 1 :  odd) discovered by Hiroi, Takano and c o w o r k ~ r s ( ~ " ~ ~ ~ ) .  Theso inaterials 

haw a simple planar structure with alternating Sr and C ~ i , + ~ O ~ ~ - p I a i i c s  

up the c-axis. The key feature of such Ci~,,~O~,,-plaiies was pointed out a 

few years ago by Rice et They consist of ladders with rach Cu-ion 

connected by the strong 180" Cu-0-Cri bonds and the interladder bonds 

arise through edge sharing C U O ~  squares and so are weaker 90" Cri-0-CII 

bonds. Additionally t h  interladder interactions are magnetically frus- 

trated through the triangular coordination that connects the ladders. The 
striicture is illustrated in Figure 3. In the undoped form, the ladders have 

strong essentially isotopic AF coupling but frustrated weaker F coupling 

between ladders. Therefore one can expect the interladder coupling to b<* 

weak - a result found in a mean field treatment by Gopalan et aI.(I5). 

The magnetic results of Aznma et on the 2-leg aiid 3-leg ladder 

compounds SrCu203 and Sr2Cu305 ( n  = 5) agree well with the prop- 

erties expected for ladders wit,h n, = 2 and 3 rcspc:ctively. Thc rtwilt,s 

show an cxponcntial fall off in  x ( T )  as T -i 0 for SrCu20J while x ( T )  -+ 
constant as T -i 0 i n  SrzCusOs the lattcr even shows AF ordering 

bclow a TN N 50 K presumably due t,o t,he roiipling up the  axis is(^^). 

Uiifortunatelg. it has not proved possible to dope t,lictse compounds, may 

I)r because of their dose  siniilarity to  the infinite layer ciipratc, SrCii02, 

which is also difficult, to tlojw. 

A sccorid faniily, iiivcstigatccl hy Hiroi and T a k a i ~ o ( ~ ~ ) ,  is the high prcs- 
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c) c-+ 
Two-leg ladder Three-leg ladder 

srcu,o, SrzCu305 

Figure 3: The copper oxide planes in the family Sr2 , , -2C~~~+204~ [41-2). 
Shown are the two- and three-leg ladders of strong 180" Cu-0-Cu bonds 
in the compounds SrCuzOa and Sr2Cu305 (left and right,). The solid dots 
denote the Cuz+-ions and the 02--ions sit a t  the intersections of the solid 
lines. 

sure phase of La2-,Sr,Cu02.5. The structure of the undoped x = 0, parent 

compound is shown in Figure 4. The 2-leg ladder structures are easily 

identified. However in this structure the point symmetry of the Cu- and 

0-ions is low, leading to  substantial interladder coupling as estimated by 
Normand and Rice(45). Further the overall structure of the Cu-ions is 

unfrustrated. The early experiments by Hiroi and T a k a n ~ ( ~ ~ ) ,  found a de- 
crease in x(T) a t  T 5 300 K which they interpreted as evidence of a spin 

gap but then subsequent experiments by Matsumoto et al.146) found evi- 
dence of AF-order below a TN = 117 K. This led Normand and Rice(45) to  

propose that LaCu02.5 was near to  the quantum critical point that  sepa- 
rates the spin liquid A F  ordered phases and just on the AF-ordered side. 
Subsequent, numerical calculations by Troyer et al.(47) showed that such an 
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Figure 4: Crystal structure of the depleted perovskite ladder structure in 
the high pressure phase of LaCuOz.5 [44]. The larger spheres denote La3+- 
ions, the medium size Cu2+-ions and the smallest spheres 02--ions. Thr. 
interladder coupling is through 0-ions which are members of Cu04 squares 
in one ladder and are apical to a Cu04-square in a neighboring ladder. 

occurrence could account for the form of ~ ( 2 ' ) .  Hiroi and T a k a n ~ ( ~ ~ )  found 

it possible to substitute Sr2+ for the La3+-ions, and so dope the ladders. 

Unfortunately the materials were only good conductors for relatively large 

values of z (x 2 0.2) but not superconductors, may be because at  these 

z-values, they are overdoped. At smaller z-values i t  seems the disorder 
potential of the La3+/Sr2+-ions is too strong and conductivity is poor also 
without superconductivity. There are also other related ladders containing 

La-cuprates with more complex structures(48). 

The last family has the chemical formula A14Cu2404~. These materi- 
als were synthesized and studied already in the late ' ~ O ' S ( ~ ~ ) .  Further in 

some cases single crystals were obtained. However, recently they have been 

Altho' the chemical formula is rather complex, the struc- 

h r a l  form is simpler. There are two components in the form of cuprate 
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plane which stack alternately. One component has the CuzO3 planes we 

encountered earlier (Figure 3 )  and so has weakly coupled 2-leg ladders. 

The sccond coinponent has planes with sets of CuOz-chains widely sepa- 

rated. These CuOz-chains are niade from edge sharing Cu04-squares and 

so have ordy the weak 90" Cu-0-Cu bonds. The A14-ions sit in between the 

cupratc planes as illustrated in Figure 5. The result is a weakly coupled set 

of Cu203-planes with 2-leg ladders. The formula C I I ~ ~ O ~ ~  is interpreted 

as 7 x C112O3 + 10 x CuO2 with ratio 7:lO determined by the relative 

Cu-Cu separations, along the chain/ladder direction. 

The next question is the valence state of the Cu-ions in the CuO2-chains 

and of course the Cu203-ladders. This question was examined by Carter 

et al.(50). Starting from the compounds with AI4 = La:+Cap, which will 

bc the stoichiometric insulator, i.e. all Cuzt, if the 0-concentration is the 

ideal 0 4 1 ,  Carter et al. interpreted the reduction of x ( T )  with substitution 

of 2+ ions for the 3+ La-ions, as evidence that the holes introduced on 

Cu-sites formed Cu3+ singlets(z7) on the Cu02-chains. The Cuz03-ladders 

are magnetically inert for T 5 300 K due to the spin gap. In their view 

the compound with only Sr (i.e. A14 = Sri4) had stoichiometric CuzO3 

ladders (all Cuzt) and the 10 Cu sites on the CuOz chains were assigned 

valences, G x Cu3+, and 4 x CnZt, Thus all the liolcs would be on the 

c:liains and the poor conduct,ivit,y was interpreted as due to localization i n  

the 1D chains. Recent, magnetic strudied5') confirm this assignemexit.. 

Ca substituted samples became more conducting and Uehara ct al.(52) 

report,ed superconductivity with a T, 5 10 K in a narrow pressiirr range 

around P N 3 Gpa. Considerahle light was shed on the effect of Ca sub- 

st.it,ut,ion on t,he hole distribution between chains and ladders by the work 

of Osafrinr et, who syntliesized large single crystals with varying Ca 

cont.rnt. This allowed them to make d.c. and opt,ical conduct,ivity irica- 
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surements polarized parallel and perpendicular to the common axis of the 

chains and ladders. Their results led t,hem to conclude that even in the 

pure Sr compound, 1 of the 6 holes per f .u.  actnally is on t,he ladders and 

t,hat Ca substitution increases the hole concentration on the ladders. The 

d.c. conductivity results of the same g r o ~ i p ( ~ ~ )  also are very interesting. 

They show a surprisingly large anisotropy ratio (2 20) between parallel 

and perpendicular and further a crossover from co~idricting to insulating 

behavior along the ladders as T 5 50 K .  The siil’ercoriductivity found by 

Uchara et al.(52) appears then when this insulating bt4iavior is suppressed 

by applying prcssurc. 

Detailed structural st,udics have recently been made only at  rooiii teni- 

pcrature and pressure on the Ca-rich compound Ca13.GSro.4Cu24041 by 

Ohta et These show that there is a sthong interplay 1)c.tween the 

CriOz-chains and the ladders in  Cu2Os-planes. This takes the forni of a 

twisting of the CuO2-chains so that some 0-ions act as apical 0-ions for 

the Cu04 squares in the ladders. 

The structure shows that these apical 0-ions tend to appear on around 

50% of the rungs and simultaneously on both Cu-ions on a rung. These 

apical negatively charged 0-ions will give rise to attractive potentials for 

holes on 6he ladders. The result is that there arr siil)st.antial potential 

variations along t,hc ladders for the holes and t,his makes this system less 

than ideal to  study the physics of lightly doped l i d < l ( ~ r s .  

V. Conclusions 

I n  this lect,ure t h  interest,iiig physics of lacldcr systciiis of fcriiiions was 

bricfly reviewed. In  the ladders thr fermioiis arc’ 1wt.wwi on(’ and two cli- 

incnsions but, rtwiarkably t,hrir txhavior differs niarkcdly froni eitlicr of thr  

liiiiitiiig cases of onc arid two diniensions. Cl twly  for this field t.o dcvelop; 
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0 cu 
00 
@ Sr 

Figure 5 :  Crystal structure of the family A14Ci.i24041 [49]. There are 
alternating cuprate and A-ion layers and the cuprate layers in turn have 
CuOz-chains and CuzOs-ladders as their key structural units. The solid 
dots denote Cii, the open circles 0 and the large dots A (= Sr, Ca or La) 
ions. 

suitable experimental systems are of paramount importance. At present, 
one has only a limited number of cuprate compounds. Organic compounds 

have potential here and the synthesis of ladder systems, especially doped 

ladder systems, is a clear challenge. 
I am very grateful to  many colleagues a t  ETH and elsewhere for their 

collaboration in this endeavour. 
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